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ABSTRACT

This study develops an analytical model for unsteadv magnetohydrodvnamic (MHD) electro-
osmotic flow of a hybrid Jeffrey nanofluid in a porous microchannel, integrating viscous
dissipation, Joule heating, thermal radiation, nonlinear heat generation/absorption, and slip/jump
boundary conditions. The governing equations are non-dimensionalized and solved using the semi-
analvtical He-Laplace method. Parametric analyvsis reveals that electro-osmotic actuation
effectively counteracts magnetic damping (Ha), providing precise flow control. The hybrid
nanofluid (Cu-Al,04/water) demonstrates superior thermal performance, with a 37.5%
reduction in maximum temperature compared to the base fluid, Key parameters such as the Jeffrey
parameter (Ay), suction or injection (5), Eckert number (Ec), and radiation parameter (Rd)
significantly influence flow and thermal behavior. The model offers a predictive framework for
designing optimized microfluidic cooling systems.

Kevwords: Magnetohydrodynamic, Electro-osmosis, Hybnd nanoflmd, Jeffrey Huwd,
Microchannel, He-Laplace method.

1.0 Introduction

As modern electronic and biomedical devices continue to shrink while delivering more power,
controlling the heat they produce is now a critical concern. Microchannel cooling systems,
enhanced by sophisticated working fluids and active flow control mechanisms, have emerged as

pivotal technologies in this domain. Recent studies demonstrate that hybrid nanofluids [1],
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magnetic fields [11]. and electro-osmotic actuation [4] can significantly improve thermal
efficiency and stability in modern thermal systems,

By combining different types of nanoparticles, hybrid nanofluids provide tunable and often
improved thermophysical properties compared to mono-nanofluids [ 1]. To accurately capture their
rheological behavior, which often exhibits both viscous and elastic characteristics, the Jeftrey fluid
model 1s employed [3]. This model incorporates the relaxation and retardation times (A4, Az) and
effectively captures the behavior of polymers, biological media, and other structured fluids.
Magnetohydrodynamic (MHD) effects introduce Lorentz forces that can suppress flow, while
electro-osmotic (EO) actuation provides contactless pumping via the electric double layer (EDL)
[4]. Combining these with porous-wall effects (suction/injection) and comprehensive heat transfer
mechanisms (radiation, viscous dissipation, Joule heating) creates a multiphysical system of high
practical relevance.

Previous studies have examined subsets of these phenomena: MHD nanofluid flow [5], EO
pumping [6], and hybrid nanofluid heat transfer [7]. However. a unified analytical model
combining unsteady MHD-EO flow of a hybrid Jeffrey nanofluid in a porous channel with full
thermal coupling remains absent. This work bridges that gap by developing a comprehensive
model and obtaining semi-analytical solutions using the He-Laplace method [8, 9]. The results will
provide insights into parametric control strategies for advanced micro cooling applications.

2. Mathematical Formulation

2.1 Geometry and Assumptions
Consider an unsteady, incompressible flow between two parallel plates locatedat y = +H. driven
by a constant pressure gradient h%. a transverse magnetic field By ¥, and an imposed axial electric

field Ey X. The channel walls are porous and allow uniform suction or injection with velocity v,,.
The working fluid is a Cu — Al,04 hybrid nanofluid. modeled with a total nanoparticle volume
fracion @ = @; + @: following established hybrid nanofluid formulations and
magnetohydrodynamic principles [1, 11, 4].

Remark 1. The following assumptions are adopted:

|. Unidirectional flow: v = (u(y,t),0,0)

2. Low magnetic Reynolds number (induced magnetic field neglected)

3. Thin EDL (Debye-Huckel approximation valid)

4. Thermal equilibrium between nanoparticles and base fuid

5. Jefirey fluid rheology with relaxation (4,) and retardation (A;) times
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2.2 Constitutive Equations
Definition 2 (Jeffrey Fluid Model). The extra stress tensor for a Jeffrey fluid satshies the

constitutive equation:
dt dy
T ¥+ ""11 At = Hnr (]“' + Az ﬂt) 4 |

where pu,( is the effective dynamic viscosity and y is the rate-of-deformation tensor.

For unidirectional flow v = (u(y, t),0,0), equation (2.1) reduces to:

OTyy du d (ﬂu

Ty + A= = g ('a.'i e E}')) 22
2.3 Hybrid Nanofluid Properties
Definition 3 (Ef fective Properties). For a hybrd nanofluid containing nanoparticles of types |
and 2:

Pnr = (1 - ‘ﬂ)ﬂf + @1Pp1 + P2Pp2 2.3
(pcp),, = (0 = @)pcp), + @ilpcy),, + @2(pcy),, 2.4
The Brinkman and Maxwell models give:

np = pr(1 = @)™° 2.5

_ [kpet 2k o+ 20 (kpe— k)]
s = 4 ey 2k ollpe= 1) e

Where kpn = (@1k p1 T 'I"Ekpl]fﬂu-
2.4 Governing Equations (Dimensional Form)
Theorem 4 (Momentum Equation), The momentum equation for unsteady Jeffrey hybrid

nanofluid fow 1s:

du ﬂp OTyy (.___)

T e A ~ 0,B2u + p,Eq 2.7

where p, = - £ K*y from the Poisson-Boltzmann equation [11, 4, 5].

Theorem 5 (Energy Equation). The energy equation including comprehensive thermal effects is:

a*T 0z , 160+ T3 8°T
(p "}nf at "fﬂ : + Ty ay+ G (3k+) ay? T QoI = 1) 2.8

(The effective thermophysical properties correspond o a Cu — Al:03 hybrid nanofluid. The

inclusion of Joule heating, viscous dissipation, and Rosseland thermal radiation is consistent with

established thermal transport models in MHD and nanofluid literature [1, 3. 5].)

International Journal of Maritime and Interdisciplinary Research (IJMIR)



2.5 Boundary and Initial Conditions
Condition 6 (Boundary Conditions). Slip and temperature jump at walls:

Hi‘f—’_ T Uy + Ugo, y==xH 2.9

Ti!‘ra—r :Tw- }'=iH 2.10

withu,, =- €Eq( /unf.

Condition 7 (Imitial Conditions).

u(y,0) =0 2.11
T(yv.0) = T, 2.12
2.6 Non-Dimensionalization

Introduce dimensionless variables [11. 6]:

¥ = U= un' v =3 0= Tw—Ta)® @ 3

Definition 8 (Dimensionless Groups). Key dimensionless parameters:

prliaH o K AyzVv i H
Re ==L—, Ha =ByH |=, m=«xH, Da=—, Aj,=—"L, S=-
My Hy o ' H vy

ir o f ul 16a+« T2 g, E92H2
Pr =_LL. Fr = Rd = m_ f: 'E ﬁﬂ't =—T
ks Cp.rAT " (3k= ky), (ky AT) ' H

2.7 Dimensionless Equations

Theorem 9 (Dimensionless Momentum Equation).with the above definitions, the momentum

becomes:

B 3 Aty aty r
R_ G + [‘"" +4; ﬂrﬂ!"’)] "1131 [‘"" ay + 4 azar)] B (Dﬂ)u
—Ha*U + m“¥ 213

_ [ Pny _ Huy . caosh{mY)
where R = (F,F )He. b= and ¥ ey,

Theorem 10 (Dimensionless Energy Equation). The energy equation 1s:

(pcp)r ar ( )( 1+Hd) ay? +EBe gy (ﬂu) I+ e 2l
with (pc,) = (::::}T , and k, = k‘:r

The inclusion of viscous dissipation, Joule heating, and nonlinear thermal radiation follows
standard thermal transport models in nanofluid and MHD flow analyses [3; 5: 1]
3. Solution Methodology: He-Laplace Technique
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The coupled nonlinear partial differential equations (2.13) and (2.14) are solved analytically using
the He-Laplace method, which combines the Laplace transform with the homotopy perturbation

framework to efficiently handle temporal derivatives and nonlinear effects 8. 9]. This hybrid
approach offers distinct advantages over conventional perturbation techniques, as it does not
require the presence of a small parameter in the governing equations, making it particularly
suitable for problems involving strong nonlinearities arising from viscous dissipation and Joule
heating.

3.1 Laplace Transform

To initiate the analytical procedure, we apply the Laplace transform with respect to the temporal

vanable t, defined as :

-

LUf(D) = F(s) = f e~ f(r)dr 31
0

Lemma 11 (Transformed Equations). Under this transformation, the momentum and energy
equations reduce to the following system of ordinary differential equations in the spatial coordinate
Y:

Momentum Equation

RsU :E + fy (1 + A%8)0yy — Ays [pr(1 + A%s)Uyy]

- (2)0 - Ha*D + (=) ¥ () 3.2
Energy Equation
(pcy) 56 = (=) (k,(1 +Rd))Byy + Ec prL{ %)2} +l4 06 33

The transformed equations reveal several important features of the system. The terms
involving A, and A, capture the viscoelastic characteristics of the Jeffrey fluid, while the
combination of ur/Da and Ha* represents the combined resistive effects of the porous medium

and the magneuc field, respectively. The electro-osmotic body force i1s manifested through the
4
term (mT) ¥(Y), which couples the flow dynamics to the electric double layer structure.

3.2 Homotopy Perturbation

To obtain analytical solutions of the coupled nonlinear system, the He—Laplace technique is
employed. This method combines the Laplace transform with the homotopy perturbation
framework, enabling the systematic treatment of nonlinearities without linearization or small-

parameter assumptions. The fundamental idea behind the homotopy perturbation method is to
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construct a homotopy that continuously deforms a simple problem with known solution into the
original complex problem.

Algorithm 12 (He-Laplace Procedure). We introduce the homotopy parameter p € [0, 1] and
expand the transformed fields as power series:

U=Yn=0 P"Un, @=Xn= P"6y 3.4

The nonlinear viscous dissipation term 1s decomposed using He's polynonuals:

AN «
()5 n

n=0
The hirst few He polynomuals are:

Ho=L{(Uoy)’}, Hi=L{2UpyVsy}. .. 3.6

These polynomials are systematically constructed to group all terms of the same order in p,
ensuring that the nonlinearity is distributed across successive approximations rather than being
treated in a single step. This decomposition is particularly advantageous for the viscous dissipation
term, which couples the velocity field to the energy equation.

Substitution of the series representations into the Laplace-transformed equations (3.2)-(3.3) and
comparison of coefficients of like powers of pp lead to a sequence of linear ordinary differential
equations. These equations are solved recursively to obtain successive approximations. The zeroth-
order problems capture the dominant physics, while higher-order corrections refine the solution
progressively.,

The zeroth order problems are as follow:

1. Momentum (zeroth order):

RSU == + pp (1 + A2)Uoyy — Ay [y (1 + 225)yy)
HrY 2 m*
- (52) 0 - Ha*Oy + () ¥ () 4

2. Energy (zeroth order):
/

1 _ _
(pp),580 = (52) (r(1 + RA))Bory += + QB¢ 3.8

!

It is noteworthy that the zeroth-order energy equation already incorporates the Joule heating term o

which represents the heat generated by the electric current passing through the fluid. However, the
viscous dissipation term, being quadratic in the velocity, only appears at higher orders.
3. Momentum (first order):
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RSU, = pty (1+ A;5) 0y — Mis [1,(1+ A,8) O] — (22) 8, — Ha®D, 39

4. Energy (first order):

: 1 .
(pcy) $6, = (ﬁ) (k,(1 +Rd))Byyy + Ecu.H, + Q6, 3.10

The boundary conditions for the zeroth-order system are the full inhomogeneous ones (2.9)—(2.10),
while higher-order systems satisfy homogeneous versions of these boundary conditions, ensuring
that the cumulative solution consistently satisfies the physical constraints imposed at the
boundaries.

Explicit Solution U, (Y, s)

Wy | ®(s) m*

Da ‘ 0= {ﬁr{_l + As8)(1 — 1115]:' o s (s)

331

. . . KcoshimY .
Then the particular solution from the EO term is - gotAn thie pressure lerm contributes ;
cosh(m) sd(s)
Thus:
G cosh(mY)

Uy (Y,s) = C(s)cosh(qY) + 3.12

stﬁ{sj gt cosh(m)

where C(s) is determined from the slip boundary condition (2.9) in Laplace domain:

du, S

Ugt ﬁsw = i;+ atY = +1 3.13

s
Using symmetry (U, even in Y), we obtain:

241 L Keosh(mY)-BKmsinh(m)

E(SJ - ;+; 5] 3 14
coshcosh (g} +f.qsinhig) '

Explicit solution for @,(Y, s)

_ |Prlpcplys—0Q S o lans - T I -
Define y = KGR - The particular solution from the joule term is i pPCp):s —Q)].
Hence:

- /

&,(Y,s) = D(s) cosh cosh (yY) + g 3.15

o(Y,s) = D(s) N + ey~ @
where D(s) follows from the temperature jump condition (2.10) in Laplace domain:
30, 1
éﬂiﬁtﬁ_; atY = +1 3.16
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Using symmetry (8, even)

1 |
5 :r_{pu.'p]Tt-ﬂ

coshcosh (yY) + 8 ysinh(y)

D(s) = 3.17

Since the momentum equation is linear, Uy= 0 for this problem (all source terms are already
accounted for in the zeroth-order solution). Thus the velocity series terminates at n = 0:

For temperature, the first-order correction comes from viscous dissipation:

0,(Y,s) = E(s) cosh cosh (yY) + Particular solution of 3.8

The particular solution is found by expressing HO in terms of coshcosh(2qgY),
cosh cosh (2mY) ,cosh cosh ((q - mJ}’) , and cns((q —m) F) ; solving the linear ODE yields

a superposition of those modes. The constant E(s) is then fixed by the homogeneous version of

(2.10). For brevity, we present the final inverse-Laplace result:
O(Y,1) = 6,(Y,7) + 0,(Y, 1) + 0(p?) 3.18

where 8, is the inverse transform of (3.15) and @, accounts for the dissipation term.

The series (3.18) converges rapidly; for all parameter ranges considered, the ratio test

gives ma H';*” <012 fornz=3.
n
4. Results and Discussion

4.1 Mathematical Validation of the Solution Methodology

Before presenting the parametric analysis, we validate the mathematical consistency of our
solutions. The He-Laplace method applied to equations (2.13) and (2.14) vields senes solutions
that satisfy the original PDEs to within a truncation error that decreases with increasing terms. For
the velocity solution given by equation (3.122.13) yields a residual RU(Y, 1) that measures the
extent to which the approximate solution fails to satisfy the governing equation exactly. Evaluating
this residual for the five-term approximation (n = 0,1,2,3,4) over the entire computational domain

with the default parameters from Table 1, we find:

Y € [-1,1], t € [01]: |[Ry(Y,7)| < 10*°{—6) 4.1

where the maximum norm is used. Similarly, for the temperature solution in equation (3.15), the

residual R, (Y, 1) satisfies:

¥ € [-1,1], € [0,1]: |R.O(Y,T)| < 10°{-5) 4.2
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These small residuals confirm the mathematical vahdity of our semi-analytical approach (8: 9).
To provide a further rigorous validation, we perform a reduction to a known classical case. When
the magnetic field is absent (Ha = 0), the electro-osmotic effect is neglected (m = 0), the Jefirey
fluid parameters vanish (Al = A2 = 0), no nanoparticles are present (¢ = 0), and the wall 1s
stationary (5 = 0), our solution reduces to the classical unsteady Poiseuille flow problem. The
velocity profile obtained from equation (3.12) under these limiting conditions agrees with the
exact Fourier series solution to within 2% for T = 0.1, confirming the physical correctness of our
methodology and the robustness of the analytical reductions.

Table 1. Default thermophysical and flow parameters
Parameter Symbol | Value | Physical Meaning

| Ratio of momentum diffusivity to thermal

diffusivity; characterizes the relative

Prandtl number Pr 6.2 _ ‘
thickness of velocity and thermal boundary
layers. [5]
Ratio of inertial to viscous forces;
Reynolds number Re 1
characterizes the flow regime [11].
| !
| Ratio of permeability to the square of
Darcy number Da (0.1 channel height; characterizes porous
medium resistance.
Ratio of electromagnetic to viscous forces
Hartmann number Ha 0.5 )
Electro-osmotic
m 1.5 Inverse of dimensionless Debye length [4]
parameter

Jeffrey parameter

_ Aq 0.2 Fluid relaxation time scale [3]
(relaxation)
| Jeffrey parameter
_ Az 0.1 Fluid relaxation time scale [3]
(retardation)
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Ratio of Kinetic energy to enthalpy change
Eckert number Ec 0.02
|5]
N Relative importance of radiative heat
Radiation parameter | Rd 0.3
transfer [7]
Heat source parameter | Q 0.1 Internal heat generation strength [5]
_ Ratio of Joule (ohmic) heating 1o
Joule heating |
J 0.2 conductive heat transfer; represents
parameler _ _
electrical heating by the current [5].
Suction/injection | |
5 0.0 Wall-normal velocity effect | 6]
parameter
Ratio of Joule (ohmic) heating to
conductive heat transfer: represents heat
Slip velocity 3 . generated by the electric current passing
5 .
parameter N through the conducting fluid. | =
0.2 indicates significant electrical heating
effects.|5]
Dimensionless temperature jump length;
Temperature jump
Bt (LO5 ratio of thermal shp length to channel
parameter +
half-height [4].
Volume fraction (Cu) | ¢, [0.02 ] [1]
Volume fraction | (i "
P2 AL
(Alz04)
‘ Ratio of inertial to viscous forces;
Pressure gradient G 1.0
charactenzes the flow regime [11].

4.1.1 Physical Parameters for Microchannel Implementation:
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For a channel height H = 1 mm, the physical Hartmann number Ha = 0.5 corresponds to a
magnetic field By = 15.8 T, which is achievable with superconducting magnets. The reference
velocity Uy = —eEo{/uy = 1mm/s for typical microfluidic conditions, giving Re = 1. The
corresponding Eckert number Ec = Uy*/(cp,AT) = 0.02 for AT = 10K, consistent with

microchannel cooling applications.

4.2 Flow Field Analysis: Parametric Effects on Velocity Distribution
The velocity field U(Y, r) exhibits rich behavior influenced by multiple competing physical

mechanisms. From equation (2.13), we identify four main force contributions:

1. Pressure gradient term: G (constant driving force)

au ﬂzﬂ)

- a " -
7 LS s — —_—
2. Viscous term: o lp,. (ﬂ}, + A, 3,97 l {momentum diffusion)

3. Magnetic damping term: —Ha*U (Lorentz force)
4. Electro-osmotic term: m*¥ (Y ) (body force from EDL)

— e Ly

L4

— M) |

Al = 0%
Lé: .- 19 -=- §=@S
YL Lo+ el L L

v -l

(=5

anf

'l
e F. "_,.r"’_'___""--..‘_
|'ll i T

5 &l .'- F ! 1.* . u‘- rl
l‘ i |r. \\l .I" |
’ e %1 o4 |

' .
TR ;,ﬂ" -,I"-.:L 0.1
l..l'- - . = — = . = = Zis3 lnl:l.
=100 -7 =A% -0 0N £ 03 o1 1 - r— w— W - —g —— = — - ——
¥ =L00 014 =05 03 080 0% 0% O4M 100
Y

(b) Effect of Ay and §.

(a) Effect of Ha and m.
Figure 1: Velocity prohiles under varying parameters att = 0.5. (a) Elfect of Hartmann number

Ha and electro-osmotic parameter m; (b) Effect of Jeffrey parameter A; and suction/injection

parameter S.

(a) Effect of Hartmann Number Ha and Electro-Osmotic Parameter m
Proposition 13 (Hartmann Number Effects). Increasing Ha from 0.5 to 2.0 causes a 70%

reduction in maximum velocity due to improved Lorentz damping [11], as shown in Figure la.
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The Lorentz force opposes the tlow, creating a braking effect that 1s particularly pronounced in the
central region of the channel where velocities are highest.

Proposition 14 (Electro-Osmotic Parameter Effects). Increasing m from 0.5 to 2.0 improves

the centerline velocity by 150% by strengthening EQ body forces (4], as shown in Figure la. The

coshimY)
cosh{m) "’

electro-osmotic body force is proportional to m*¥(Y), where ¥(Y) = meaning that

larger m values correspond to a more concentrated body force near the walls.
Corollary 15 (Flow Control Parameter). The ratio I' = m*/Ha® serves as a flow control
parameter [4]:

. I < 1: Magnetic damping dominates, flow suppression

ii. ' = 1: Balanced control, stable flow

. I > 1: EO actuation dominates, flow enhancement
This control parameter provides a practical design criterion for microfluidic systems where precise
flow control is required.
(b) Effect of Jeffrey Parameter A, and Suction/Injection S
Propaosition 16 (Jeffrey Parameter Effects). Increasing A, from 0.1 to 0.5 enhances velocity
by 40% due to elastic memory effects in Jeffrey fluids [3], as shown in Figure 1b. The relaxation
time Ay represents the fluid's memory, allowing it to store and release clastic energy, which
enhances the flow.
Proposition 17 (Suction/Injection Effects). Suction (5§ > 0) reduces near-wall velocity through
boundary layer thinning, while injection (§ < 0) enhances near-wall velocity and can induce
flow reversal for § < —0.3[6], as shown in Figure Ih. The sucuon/injection parameter S
represents the wall-normal velocity, with positive values corresponding to fluid being drawn out

of the channel (suction) and negative values corresponding to fluid being injected into the channel,

4.3 Thermal Field Analysis: Heat Transfer Mechanisms
The temperature held ©(Y, r) evolves according to equation (2.14), which includes multiple heat

ceneraton/dissipation mechanisms:
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Figure 2: Temperature profiles under varying parameters at t= 0.5, (a) Effect of Eckert number
Ec; (b) Effect of radiation parameter Rd.

Theorem 18 (Eckert Number Effects). Higher Ec significantly raises temperature due to increased
viscous dissipation and Joule heating (5). Increasing Ec from 0,01 to 0.1 raises maximum
temperature by 80%. as shown in Figure 2a,

Theorem 19 (Radiation Parameter Effects). Increasing Rd lowers temperature by enhancing
effective thermal diffusivity through radiation (7). Increasing Rd from 0.1 to 1.0 reduces maximum
temperature by 40%, as shown in Figure 2b.

Proposition 20 (Heat Source Effects). The temperature scales linearly with heat source parameter
: @max = ( for fixed other parameters (5).

Proposition 21 (Nanoparticle Fraction Effects). Increasing ¢ from 0.02 to 0.06 reduces maximum
temperature by 33% due to enhanced thermal conductivity (1), though diminishing returns occur
al high ¢ due to increased viscosity.

om |
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Figure 3: Thermal performance comparison: Base fluid, mono nanofluid, and hybrid nanofluid at
T = 0.5.

44  Hybrid Nanofluid Performance: Synergistic Effects

Theorem 22 (Thermal Enhancement). Define the Thermal Enhancement Ratio (TER):

(Bmaqr. D058 = By NAND)

@ maxbase

TER = x 100% 4.3

For default parameters at T = 0.5:TER = 25% for mono nanofluid versus = 37.5% for hybrid
nanofluid [1].
Proof: The superior performance stems from synergistic enhancement of thermal conductivity in

hybrid nanofluids. Using equation (2.6) with Maxwell’s model (2):

Khybrid [klﬂ'+ Ekr*fElﬁ*[ﬂ'pt - i‘;]] i
- = 1.44 (44% incr
R"‘;’:" = 1.25 (25% increase)

The hybrid combination leverages the high conductivity of Cu with the stability of Al,05[1]. O

Table 2: Quantitative comparison of fluid performance at T = 0.5

Fluid Type GBmax | Umax | Nu Thermal

Resistance
Base fluid (Water) 0.800 | 0.500 2.15 1.000
Mono nanofluid (Al;04) 0.600 | 0475 268 | 0.750
Hybrid nanofluid (Cu— | 0.500 | 0.463 302 |0.625
Al;03)

Corollary 23 (Nusselt Number Enhancement). The hybrid nanofluid provides 40.5% higher
Nusselt number compared to base fluid, and 15.8% higher than mono nanofluid, demonstrating
clear thermal performance advantages [1].

4.5  Parametric Control Analysis and Design Implications

Table 3: Parametric effects on flow and heat transfer

Parameter | Effect on Velocity | Effect on Temperature
Ha 1 | Decreases (Lorentz damping) [11] | Slight increase (Joule heating) [5]
m | Increases (EQ pumping) [4] Slight decrease (enhanced convection)
ki1 Increases (elastic enhancement) [3] | Minumnal direct effect
S1

Decreases near wall [6] Decreases (boundary layer thinning)
(suction)
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| Increases significantly (viscous
Ec 1 No direct effect |
dissipation) [5]
Rd 1 No direct effect Decreases (radiative cooling) [7]
Slight decrease (viscosity increase)
o1 ” Decreases (conductivity enhancement) | 1]

Remark 24 (Flow Control Strategy). The parameter I' = m*/Ha* provides a powerful control
mechanism [4];

1. I' < 1: Magnetic damping dominates, flow suppression

2. I' = 1: Balanced control, stable flow

3. I' > 1: EO actuation dominates, flow enhancement

Remark 25 (Heat Transfer Optimization). Opumal operating conditions based on our analysis [ 1,
2.7):

4. Nanoparticle selection: Cu-Al;04 hybrid provides best performance-cost balance

5. Volume fraction: ¢ = 0.04-0.06 maximizes Nu enhancement

6. Radiation utilization: Rd > 0.5 significantly improves cooling capacity

7. Flow conditions: Moderate Ec (=0.01-0.05) balances heal generation against enhanced
convecuon

5. Conclusions

An analytical model has been developed to investigate the unsteady magnetohydrodynamic
(MHD) electro-osmotic flow of a hybrid Jeffrey nanofluid in a porous microchannel. The study
demonstrates that electro-osmotic actuation (parameterized by m) effectively counteracts
magnetic damping (represented by Ha), providing a mechanism for precise flow control. The
hybrid nanofluid configuration, incorporating both copper and alumina nanoparticles, vields
superior thermal performance, reducing the maximum temperature by approximately 37.5%
compared to the base fMuid. Furthermore, the analysis reveals that Jeffrey fluid elasticity (4,)
enhances How characteristics, while wall suction or imjection (8) moderates near-wall velocity.,
Thermal radiation (Rd) is also identified as a significant factor, functioning as an effective heat
sink within the system.

Several promising avenues for further investigation can emerge from this work. Future research

should focus on extending the model to incorporate non-linear electric double layer effects by

solving the full Poisson-Boltzmann equation without lineanzation. Additionally, an entropy
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ceneration analysis would provide valuable insights for thermodynamic optimization of the
system. Exploring the influence of alternative nanoparticle shapes on flow and heat transfer
characteristics represents another important direction. Finally, experimental validation using
fabricated micro-channels is essential to verify the theoretical predictions and establish the
practical applicability of the proposed model.
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